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Base on a joint work with R. Schilling (Dresden) and L. Xu (Macau):
arXiv: 2009.04785

1. Background and motivation
2. A zero-one law
3. Moment estimates

4. Applications to SPDEs
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Background

=0 gt < oo, iff <1,
0+ =o0, if6>1.
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Background

/ 9 < oo, iff <1,
t7dt
0+ = OQ, if (9 Z 1.

If S; is an a-stable subordinator (0 < a < 1),
< oo, iff<1/a,
/ t=0ds, _ /
0+ =00, if6>1/a.

See L. Xu (2018).
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o Consider the SPDE

dX; = —AXydt + F(Xy)dt + Q( X )dW,.
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o Consider the SPDE

dX; = —AXydt + F(Xy)dt + Q(X;— )dW,.

e Solution

t t
X, =e X+ / e THAR(X,) ds + / e =HAQ(X,_) dWs,
0 0

J/
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o Consider the SPDE

dX; = —AXydt + F(Xy)dt + Q(X;— )dW,.

o Solution

t t
X, =e X, —{—/ e_(t_S)AF(XS) ds +/ e =94Q(X,_) dWs,
0 0

J/
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o Consider the SPDE

dX; = —AXydt + F(Xy)dt + Q(X;— )dW,.

o Solution

t t
X, = e X, +/ e_(t_S)AF(XS) ds+/ e_(t_S)AQ(XS_) dWs,
0 0
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o Consider the SPDE
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o Consider the SPDE

dX; = —AXydt + F(Xy)dt + Q(X;— )dW,.

o Solution

t t
X, =e X, +/ e_(t_S)AF(XS) ds+/ e =940 (X, ) dWs,
0 0

-

ZIZt

T p
E|A’ZP < - <CE (/ =20 dSt) .
0
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Recall for a-stable subordinator, L. Xu (2018):

T if 0 <1
/ 945, < 00, | 0<1/a,
0 =o0, if0>1/a.
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Question:

Q1: General subordinator?
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T if 0 <1
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0 =o0, if0>1/a.

Question:

Q1: General subordinator?

Q2: General singularity?
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Recall for a-stable subordinator, L. Xu (2018):

T .
/ tedSt{< oo, iff<1/a,
; —

=o0, if0>1/a.

Question:

Q1: General subordinator?

Q2: General singularity?

T
e.g./ (T —t)~?ds,,
0
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Recall for a-stable subordinator, L. Xu (2018):

T .
/ tedSt{< oo, iff<1/a,
0

=o0, if0>1/a.

Question:

Q1: General subordinator?

Q2: General singularity?

T )
€.g. / (T - t)_e dSt, / t_e dSt,
0

T
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Our question (cont.)

Recall for a-stable subordinator, L. Xu (2018):

T p
E ( / t=? dSt) < Copp TPV 9 < 1/a, pe(0,a),
0
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Our question (cont.)

Recall for a-stable subordinator, L. Xu (2018):

T p
E ( / t=? dSt) < Copp TPV 9 < 1/a, pe(0,a),
0

T D
E ( / e M dSt)
0
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Our question (cont.)

Recall for a-stable subordinator, L. Xu (2018):

T p
E ( / t=? dSt) < Copp TPV 9 < 1/a, pe(0,a),
0

T P
E (/ e N dSt> <Curp, A>0,pe(0,).
0
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Our question (cont.)

Recall for a-stable subordinator, L. Xu (2018):
T P
E ( / t=? dSt) < Copp TPV 9 <1/, pe(0,a),
0
T P
E (/ e N dSt> <Curp, A>0,pe(0,).
0

Question:

Q3: Optimality for the moment estimates?
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Our question (cont.)

Recall for a-stable subordinator, L. Xu (2018):

T p
E ( / t=? dSt) < Copp TPV 9 < 1/a, pe(0,a),
0

T P
E (/ e N dSt> <Curp, A>0,pe(0,).
0

Question:

Q3: Optimality for the moment estimates?

r(i-z)

T p
E 94 — Tr/e=0) p -1
</ S’*) (1= af)yPoT(1 - p)  O<t/op<a
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Our question (cont.)

Recall for a-stable subordinator, L. Xu (2018):

T p
E ( / t=? dSt) < Copp TPV 9 < 1/a, pe(0,a),
0

T P
E (/ e N dSt> <Curp, A>0,pe(0,).
0

Question:

Q3: Optimality for the moment estimates?

T p T(1=2
E (/ t0 dSt> = ( o‘) TP/e=9 "9 < 1/a, p < a,
0

(1 —af)p/T(1 - p)
E (/OT e M dst)p
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Our question (cont.)

Recall for a-stable subordinator, L. Xu (2018):
T P
E ( / t=? dSt) < Copp TPV 9 <1/, pe(0,a),
0
T P
E (/ e N dSt> <Curp, A>0,pe(0,).
0

Question:

Q3: Optimality for the moment estimates?

T p T(1=2
E (/ t0 dSt> = ( o‘) TP/e=9 "9 < 1/a, p < a,
0 a

T PUT(1=2) (1= T\
E -t _ a )
(/ dst) F<1—p>< o) ) A
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@ A subordinator S; is a non-decreasing Lévy process on R.
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e A subordinator S; is a non-decreasing Lévy process on R .

e A subordinator S; is uniquely determined by

Ee ™S = W 4 >0,t>0.
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e A subordinator S; is a non-decreasing Lévy process on R .
e A subordinator S; is uniquely determined by

Ee 5% = W 4 >0,t>0.

e Lévy-Khintchine representation of Bernstein function:

o(u) =a+bu+ / (1—e™) v(da),

(0,00)

where a,b >0, [, (zA1)v(dr) < occ.
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e A subordinator S; is a non-decreasing Lévy process on R .
e A subordinator S; is uniquely determined by

Ee 5% = W 4 >0,t>0.

e Lévy-Khintchine representation of Bernstein function:

o(u) =a+bu+ / (1—e™) v(da),

(0,00)

where a,b >0, [, \(z A1)v(dz) < oo.

e subordinator S; <> Bernstein function ¢ <« (a,b,v)
one-to-one
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Examples of subordinators

@ a-stable subordinator
Bernstein function: ¢(u) = u®

Lévy triplet: a = b= 0,v(dz) = ﬁgflw dz
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Examples of subordinators

@ a-stable subordinator
Bernstein function: ¢(u) = u®

Lévy triplet: a = b= 0,v(dz) = r(la_a)xflfa dr

o Relativistic stable subordinator
Bernstein function: ¢(u) = (u+ 1)* — 1

Lévy triplet: a =b = 0,v(dz) = F(fia)ef%*l*a do

B EFA (FRILKE) Singular Integrals of Subordinators and Appl Q@RI RY  202147H



Examples of subordinators

e «-stable subordinator
Bernstein function: ¢(u) = u®
Lévy triplet: a = b= 0,v(dz) = g2=z "' "*dz

o Relativistic stable subordinator
Bernstein function: ¢(u) = (u+1)* — 1
Lévy triplet: a =b = 0,v(dz) = e Tyl dy

F(lcia)

e Gamma subordinator
Bernstein function: ¢(u) = log(1 + u)
Lévy triplet: a = b = 0,v(dr) = ez~ 'dz
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Examples of subordinators

e «-stable subordinator
Bernstein function: ¢(u) = u®
Lévy triplet: a = b= 0,v(dz) = g2=z "' "*dz

o Relativistic stable subordinator
Bernstein function: ¢(u) = (u+1)* — 1
Lévy triplet: a =b = 0,v(dz) = e Tyl dy

F(lcia)
e Gamma subordinator
Bernstein function: ¢(u) = log(1 + u)
Lévy triplet: a =b = 0,v(dz) = e "z~  dx

o Geometric stable subordinator, Bessel subordinator, - - -
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Our result: a zero-one law

Theorem (D.-Schilling-Xu, arXiv: 2009.04785)

Let S; be a subordinator with Laplace exponent ¢, and
f:[0,00) — [0, 00) measurable. Then the following are equivalent:

i IP’(/OOOf(t)dSt<oo> >0,
i) IP’(/OOOf(t)dSt<oo> —1
|||)/ ) dt < oco.
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Our result: a zero-one law

Theorem (D.-Schilling-Xu, arXiv: 2009.04785)

Let S; be a subordinator with Laplace exponent ¢, and
f:[0,00) — [0, 00) measurable. Then the following are equivalent:

i IP’(/OOOf(t)dSt<oo> >0,
i) IP’(/OOOf(t)dSt<oo> —1
|||)/ ) dt < oco.

Remark: For bounded f, Kolmogorov's zero-one law.
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Related results

Proposition(J. Bertoin, 1999)

Let f:[0,00) — [0,00) be non-increasing. Then the following are
equivalent:

i P(/Ooof(St)dt<oo> > 0.
) P(/Ooof(St)dt<oo> 1

i) /OOO Ef(S,) dt < co.
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Related results

Proposition(J. Bertoin, 1999)

Let f:[0,00) — [0,00) be non-increasing. Then the following are
equivalent:

i P(/Ooof(St)dt<oo> > 0.
) IP(/OOOf(St)dt<oo> 1

i) /OOO Ef(S,) dt < oo.

Remark: P.-S. Li & X. Zhou 2018,
a related zero-one law for spectrally positive Lévy process.
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Moment formulas for stable case: ¢(u) =

Proposition
Let f:[0,00) — [0,00) be measurable (non-trivial). Then

E(/(]oof(t)dst)p: F (/ f(t) dt) a, if p<a,

00, if p> a.
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Moment estimates for general case

If
lim inf $(2s)

$—»00 gb(s)
then for all p < 0 and 8 > 0,

E (/OTt—9 dSt>p <cr7 [¢—1 (%)] _p, T € (0,1].

> 1,
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Moment estimates for general case

If
lim inf $(2s)

$—»00 gb(s)
then for all p < 0 and 8 > 0,

E (/OTt—9 dSt>p <cr7 [¢—1 (%)] _p, T € (0,1].

Typical examples:

> 1,

d(s) = s*log’(1 + s), 0<a<l,0<p<]l—a
o(s) = s*log?(1 + s), 0<f<ax<l
o(s) =s(1+s)"7, 0<a<l

A (RBUK %)
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Moment estimates for general case

If
lim inf $(2s)
$—00 gb(s)
then for all p < 0 and 6 > 0,

E (/OTt—9 dSt>p <cr7 {gb_l (%)] _p, T € (0,1].

Remark: moment estimates for
Lévy process: D.-Schilling, SPA 2015, EJP 2017
Lévy-type process: Kiihn, SPA 2017
Discrete subordinator: D., JTP 2020

> 1,
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Moment estimates for general case

If
liminf 2 5 0, and liminf 2% 5 1.
s—oo log s sl0 ()

then for all p < 0 and 8 > 0,

T p -p
E (/0 t! dSt> <corV [gb_l (%)] . T >1.
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Moment estimates for general case

If

lim inf 4(5) >0, and liminf ¢(29)
s—oo log s

W e b

then for all p < 0 and 8 > 0,

T p -p
E (/0 t! dSt> <corV [gb_l (%)] . T >1.

Typical examples:

B(s) = s*1log?(1 + s),

0<a<l,0<8<]l -«
d(s) = s*logP(1 + s), 0<p<acx<l
¢(s) = s(1+5)"%,

O<axl
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Applications to semi-linear SPDEs

o Consider the SPDE

dXt — —AXtdt + F(Xt>dt + Q(Xt_>dWSt.
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Applications to semi-linear SPDEs

o Consider the SPDE

dXt — —AXtdt + F(Xt>dt + Q(Xt—)dWSt-

e Solution

t t
X, =e X+ / e IAR(X,) ds + / e~ =DAQ(X,_) dWs,
0 0

s

:ZZt
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Applications to semi-linear SPDEs

o Consider the SPDE

dXt — —AXtdt + F(Xt>dt + Q(Xt—)dWSt-

e Solution

t t
X, =e X+ / e DAR(X,) ds + / e DAQ(X, ) dWs,
0 0

- 7
g

=:14¢

e Invariant measure, accessibility, Galerkin approximation
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S(P)DEs driven by subordinate Brownian motion

Malliavin calculus (Kusuoka, 2009)

Bismut-Elworthy-Li's formula (X. Zhang, SPA 2013)

integration by parts formula (F.-Y. Wang, 2014)

Wang's Harnack inequality (J. Wang & F.-Y. Wang, JMAA 2014)

asymptotics (R. Wang & L. Xu, SPA 2018)
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A maximal inequality for Z;

t
7y = / e~ =94Q(X,_) dWs..
0

If
¢(25)

s—0

0 <p < 2log, (lim inf

(s)
> ()

then there exists C' = C(p, ||@Q||us,~) such that
Sy
E|sup |[Z)P| <Clo | = for all T > 1.
0<t<T T

)
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A small ball probability for Z;

t
Z; = / e =94Q(X, ) dWs..
0

Proposition

For all 6 > 0,

]P(sup | Z4] <5) > 0.

0<t<T
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Invariant measure

dXt - —AXtdt + F(Xt)dt —|‘ Q(Xt_)dWSt.

¢(2s)

lim inf > 1

s—0 QS(S) ’

then this system admits an invariant measure.
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Accessibility

dXt == —AXtdt + F(Xt)dt ‘l‘ Q(Xt_)dWSt.

Theorem (Accessible to zero)
If there exists some d > 0 such that

8(s7)ds < o0, sup Q) e | < O,
0 xeH

then forall x € H, e > 0, T > 0,

P (| Xr(z)] <€) > 0.

Singular Integrals of Subordinators and Appl @R 20214E7H 20 /21



Accessibility

dXt == —AXtdt + F(Xt)dt ‘l‘ Q(Xt_)dWSt.

Theorem (Accessible to zero)
If there exists some d > 0 such that

8(s7)ds < o0, sup Q) e | < O,
0 xeH

then forall x € H, e > 0, T > 0,

P (| Xr(z)] <€) > 0.

Remark: Priola-Shirikyan-Xu-Zabczyk, SPA 2012

Singular Integrals of Subordinators and Appl @R 20214E7H 20 /21



Thanks for Your Attention!
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